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Abstract We develop a new method in order to classify the Bianchi I spacetimes which
admit conformal Killing vectors (CKV). The method is based on two propositions which
relate the CKVs of 1+(n-1) decomposable Riemannian spaces with the CKVs of the (n-
1) subspace and show that if 1+(n-1) space is conformally flat then the (n-1) spacetime is
maximally symmetric. The method is used to study the conformal algebra of the Kasner
spacetime and other less known Bianchi type I matter solutions of General Relativity.
1 Introduction
The Bianchi models are spatially homogeneous spacetimes which admit a group of motions
G3 [1,2] acting on spacelike hypersurfaces. These spacetimes include the non-isotropic gen-
eralizations of the Friedman-Robertson-Walker (FRW) space-time and have been used in the
discussion of anisotropies in a primordial universe and its evolution towards the observed
isotropy of the present epoch [3,4]
The simplest type of these spacetimes are the Bianchi I models for which G3 is the abelian
group of translations of the three dimensional Euclidian space E3. In synchronous coordi-
nates the metric of Bianchi I spacetimes is:
ds2 =−dt2 +A2 (t)dx2 +B2 (t)dy2 +C2 (t)dz2 (1)
where A(t),B(t),C(t) are functions of the time coordinate only and the corresponding KVs
are
{
∂x,∂y,∂y
}
. When two of the metric functions are equal, e.g. A2 (t) = B2 (t), a Bianchi I
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spacetime (1) reduces to the important class of Locally Rotational Symmetric (LRS) space-
times [1].
A Conformal Killing Vector (CKV) Xa is defined by the requirement LX gab = 2ψgab
and reduces to a Killing vector (KV) (ψ = 0), to a Homothetic Killing Vector (HV) (ψ;a = 0),
and to a Special Conformal Killing Vector (SCKV) (ψ;ab = 0). The effects of these vectors
can be seen at all levels of General Relativity, that is, geometry, kinematics and dynamics.
At the geometry level the knowledge of a CKV makes possible the choice of coordinates so
that the metric is simplified, in the sense that one of the metric components is singled out [5,
6]. At the level of kinematics the CKVs impose restrictions on the kinematic variables (ro-
tation, expansion and shear) and produce well known results (see for example [7,8,9,10]).
Finally at the level of dynamics the CKVs can (and have) been used in various directions,
for example to obtain new solutions of the field equations with (hopefully) better physical
properties (see for example [10,11,12,13,14]). It becomes evident that it is important that
we know the conformal algebra of a given spacetime.
In [15] all LRS spacetimes which admit CKVs have been determined. In the following
we determine all Bianchi I spacetimes which are not reducible to LRS spacetimes and admit
CKVs.
The general Bianchi I spacetime (1) does not admit CKVs. However, as we will show,
there are two families of Bianchi I spacetimes which admit CKVs. One family consists of the
conformally flat Bianchi I spacetimes, which admit 15 CKVs and are conformally related1
to Rebouc¸as and Tiommo (RT) and Rebouc¸as and Teixeira (ART) [16,17]) spacetimes. The
second family contains the not conformally flat Bianchi I spacetimes, which admit only
one proper CKV. In the determination of the CKVs we use the Bilyanov - Defrise - Carter
theorem which relates the conformal algebra of conformally related metrics (for details see
[18] [19]).
In the literature one finds very few cases of Bianchi I spacetimes which admit proper
CKVs. For example even the CKV found by Maartens and Mellin [20] is really a CKV in an
LRS spacetime and not in a Bianchi I spacetime [15]. The difficulty lies in the fact that the
direct solution of the conformal equations in Bianchi I spacetimes is a major task. Thus an
alternative simpler method is needed to solve this problem and this is what it is developed in
the following sections. It is to be noted that using the Petrov classification and the Bilyanov
- Defrise - Carter theorem McIntosh and Steele [21] have determined all vacuum Bianchi I
spacetimes which admit a homothety.
One extra advantage of the proposed method is that one can use it to prove/test if a given
Bianchi I spacetime admits a CKV or not. For example as it will be shown the two well
known anisotropic Bianchi I solutions that is, the Kasner solution [1] and the anisotropic
dust solution[22], which have formed the basis of many studies of anisotropic universes, do
not admit a proper CKV; in particular the Kasner spacetime admits a HV.
The structure of the paper is as follows. In section 2 we present two propositions required
for the computation of the CKVs in Bianchi I spacetimes. In sections 3 and 4 we apply
the results of section 2 and we determine all Bianchi I spacetimes which admit CKVs. In
section 5 we consider the application of these results in various Bianchi I metrics found in
the literature. Finally in section 6 we discuss our results.
1 These spacetimes are 1+3 spacetimes in which the 3d hypersurface is a maximally symmetric space with
positive and negative curvature scalar respectively
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2 Preliminaries
As it has been remarked in the last section the computation of CKVs of Bianchi I spacetimes
by direct solution of the conformal equations is a difficult task. Thus we have developed
an indirect method which is based on the two Propositions discussed below. The first is
proposition 1 which has been given in [23] for spacetimes (n = 4) and below is generalized2
to n- dimensional Riemannian spaces as follows.
Proposition 1 A decomposable 1+(n−1) (n≥ 3 ) Riemannian space gab with line element
(Greek indices take the values 1,...,n and Latin indices the values 0,...,n)
ds2 = εdt2 +hµν (xσ )dxµ dxν (2)
admits a proper CKV Xa if and only if the (n−1) space hµν (xσ ) admits a gradient proper
CKV ξ µ . In particular the two vector fields are related as follows
Xa =−
ε
p
˙λ (t)ψ (xσ )∂t +
1
p
λ (t)ξ µ (xσ )+Hµ (xσ ) (3)
where:
- p is a non vanishing constant,
- ψ (xσ ) is the conformal factor of the CKV ξ µ and satisfies the condition
ψ;µν = pψhµν (4)
that is, ψ;µ is a gradient CKV of the n−1 space
- λ (t) satisfies the linear second order equation
¨λ (t)+ ε pλ (t) = 0 (5)
where ˙λ = dλdt .
- Hµ is a KV or a HV of the n−1 metric hµν (xσ ) .
From proposition 1 follows that a proper CKV of the n− 1 metric hµν generates two
proper CKVs for the n metric gab.
The crucial result of proposition 1 is that the gradient CKVs of the (n−1) space are of the
specific form (4). Furthermore if the (n− 1) space has constant non vanishing Ricciscalar
R, then the constant p is given by the expression
p =
R
(n−1)(n−2)
(n ≥ 3). (6)
The second Proposition 2 concerns the 1+ (n−1) decomposable spacetimes which
admit CKVs3.
Proposition 2 The metric (2) is conformally flat if and only if the (n−1) metric hµν (xσ ) is
the metric of a space of constant curvature (n ≥ 3).
2 The generalization of the proof of [23] to n dimensions is similar to the one for n = 4 and we omit it.
3 The proof of Proposition 2 is given in appendix A
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In addition to these propositions we recall the following result (see [23])
The metric of a space of constant non-vanishing curvature of dimension n admits n+1
gradient CKVs.
From proposition 2 it follows that as far as the admittance of CKVs is concerned, the
connected 1+(n−1) decomposable spaces are classified in two major classes.
i) Class A: The 1+(n−1) space is conformally flat. Then the (n−1) space is not confor-
mally flat and the 1+(n−1) space admits (n+1)(n+2)2 CKVs
ii) Class B: The 1+(n− 1) space is not conformally flat. Then the (n− 1) space is not a
space of constant curvature.
For a space conformally related to a 1+(n− 1) decomposable space this classification of
CKVs remains the same since all conformally related spaces admit the same conformal
algebra.
We conclude that the parameter in the classification of the connected 1+(n−1) spacetimes
which admit CKVs is the constancy or not of the curvature scalar of the (n−1) space. Using
this observation and propositions 1 and 2 we are able to determine all Bianchi I spacetimes
which admit CKVs.
2.1 CKVs of Bianchi I spacetimes
In the generic line element (1) of Bianchi I spacetime, we consider the coordinate transfor-
mation dt =C (τ)dτ and get
ds2 =C2 (τ)
(
dz2 +ds2(3)
)
(7)
where ds2(3) is the three dimensional metric
ds2(3) =−dτ
2 +B21(τ)dy2 +A21(τ)dx2 (8)
with A21 (τ) =
A2(τ)
C2(τ) , B
2
1 (τ) =
B2(τ)
C2(τ) . Applying a second transformation dτ = B
2
1 (τ¯)dτ¯ and
Γ 2 (τ¯) = A
2
1(τ¯)
B21(τ¯)
the three dimensional metric (8) becomes
ds2(3) = B
2
1(τ¯)ds21+2 (9)
where
ds21+2 = dy2 +ds2(2) (10)
and
ds2(2) =−dτ¯
2 +Γ 2(τ¯)dx2. (11)
The two dimensional metric (11) is conformally flat4. Indeed if we introduce the new vari-
able dτ¯ = Γ (τˆ)dτˆ the metric ds2(2) becomes
ds2(2) = Γ
2(τˆ)(−dτˆ2 +dx2). (12)
4 All 2d metrics are conformally flat.
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The 2d metric ηAB = diag(−1,1) admits the three KVs
Pτˆ = ∂τˆ Px = ∂x r = x∂τˆ + τˆ∂x (13)
and the gradient HV
H = τˆ∂τˆ + x∂x , ψH = 1. (14)
The curvature scalar R(2) of the 2d-metric (11) is calculated to be:
R(2) = 2
Γ,τ¯ τ¯
Γ
. (15)
According to proposition 2 the condition that the (1+ 2)d - metric (10) - and conse-
quently the 3d-metric ds23 - is conformally flat, is that the 2d-metric (12) is a the metric of
a space of constant curvature. We set R(2) = const. = 2c and find that that this is the case
when Γ,τ¯ τ¯ = cΓ .
On the other hand when ds23 is of constant curvature then by means of the inverse of
proposition 2 the metric ds21+3 is conformally flat hence the metric ds2 is also conformally
flat.
We conclude that the classification of Bianchi I spacetimes which admit CKVs is done
in two classes:
Class A : Contains all Bianchi I spacetimes which are conformally flat. According to
proposition 2 in this case the 3d-metric ds2(3) is of constant curvature and the form of the
metric functions A1(τ), B1(τ) is fixed.
Class B : Contains all Bianchi I spacetimes which are not conformally flat therefore the
decomposable metric is not conformally flat. According to the inverse of proposition 2 in
this class the 3-d metric ds2(3) is not the metric of a space of constant curvature.
In Class B there are two cases to be considered.
Case B1: The 3d-metric ds2(3) is not conformally flat in which case the scalar curvature of
the 2d-metric R(2) 6= const.
Case B2: The 3d-metric ds2(3) is conformally flat hence according to proposition 2 the 2d-
metric ds2(2) is of constant curvature i.e. R(2) = const.
In the following we consider each Class and derive the corresponding Bianchi I space-
times together with the CKV(s). We ignore the cases A1 = B1 ⇔ Γ = const. which lead to
LRS spacetimes whose CKVs have already been found in [15].
3 Class A: The conformally flat Bianchi I spacetimes
Demanding that the Weyl tensor of the metric (7) vanishes we find the following conditions
on the metric functions A1,B1:
A1 ¨B1 +B1 ¨A1 −2 ˙A1 ˙B1 = 0 (16)
A1 ¨B1 −2B1 ¨A1 + ˙A1 ˙B1 = 0 (17)
¨A1B1 −2A1 ¨B1 + ˙A1 ˙B1 = 0 (18)
where a dot over a symbol denotes differentiation with respect to coordinate τ . We note that
only two of these three equations are independent.
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Using (16)-(18) we can prove that the 3-metric (8) is the metric of a 3-space of constant
curvature R(3) = 6εa2 where ε = ±1 and a 6= 0 is a constant. There are only two such
spacetimes the RT spacetime [16] and the ART spacetime [17] mentioned above.
The RT and the ART spacetimes in isochronous coordinates have the line element
ds2RT =−dt2 + sin2(t/a)dx2 + cos2(t/a)dy2 +dz2 (19)
ds2ART =−dt2 + sinh2(t/a)dx2 + cosh2(t/a)dy2 +dz2 (20)
respectively. These spacetimes are 1+3 decomposable spaces whose three dimensional space
is a space of constant curvature. They admit a 15 dimensional conformal algebra with a seven
dimensional Killing subalgebra, which has been given in [15]. For the completeness of the
paper in appendix B we give the conformal algebra of the RT and the ART spacetimes in a
convenient form.
4 Class B: The non-conformally flat Bianchi I spacetimes
In this class there are two subcases to be considered depending on R(2) = const and R(2) 6=
const where R(2) is the Ricciscalar of the two dimensional space (12).
4.1 Case B.I: R(2) 6= const.
In this case we are interested only for the KVs and the HV of ds2(2) since if there exist a
proper CKV which satisfy condition (4) of Proposition 1, then the two dimensiona space is
of constant curvature. From the CKVs of dsˆ2(2) = (−dτˆ
2 +dx2) only the ones which do not
contain terms f (τˆ)g(x)∂τˆ with f (τˆ) 6= τˆ can satisfy this property. It is well known that the
two dimensional space dsˆ2(2) admits infinity CKVs. However, the vector fields which do not
contain the terms f (τˆ)g(x)∂τˆ with f (τˆ) 6= τˆ are the two vector fields Pτˆ and the H.
The conformal factor of Pτˆ of the metric ds2(2) is:
ψ(Pτˆ) = Γ,τ¯ .
If we demand ψ(Pτˆ) = 0 (the case of KVs) then we get A21 = B21, i.e. the LRS case
which we ignore. If we demand ψ(Pτˆ) = const then we find Γ,τ¯ τ¯ = 0 which implies by (15)
that R(2) = 0 i.e constant which contradicts our assumption. Therefore Pτˆ produces nothing
relevant.
The HV H has conformal factor
ψ(H) = Γ,τ¯
∫ dτ¯
Γ
+1. (21)
The requirement that H is a KV of the 2-metric ds2(2) gives τˆΓ,τˆ +Γ = 0, hence Γ (τˆ) =
Γ0
τˆ which implies R(2) = const. and it is excluded. The requirement that H is a HV with
conformal factor α2( 6= 0) gives:
Γ = c1τˆα2−1 (22)
where c1 = const. This HV is acceptable provided that α2 6= 1 in order to avoid the LRS
case. By proposition 1 this gives the following HV for the 1+2 metric (10):
H1 = α2y∂y + τˆ∂τˆ + x∂x (23)
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with conformal factor
ψ(H1) = α2. (24)
This vector is a non-gradient CKV for the metric (9) with conformal factor:
ψ¯(H1) = τˆ(lnA1),τˆ +α2. (25)
We are interested in KVs and HVs (we show in the Appendix that the gradient CKVs of
the form λ (ξ )|αβ = pλ (ξ )gαβ imply that the 3-metric (9) is of constant curvature) thus we
examine possible reductions of this CKV to a KV or a HV.
If H1 is a KV then ψ¯(H1) = 0 and this gives A1 = c2τˆ−α2 . From (12) and (22) we obtain
B1 = c1c2τˆ which implies τˆ = c3e
τ/c where c = c1c2. Thus we have the following KV :
XB1 = α2y∂y + c∂τ + x∂x (26)
for the three dimensional metric:
ds2(3) =−dτ
2 + c22c
−2α2
3 e
−2α2τ/cdy2 +
(
c
c3
)2
e−2τ/cdx2. (27)
Due to proposition 1 this is also a KV for the metric ds21+3 = dz2 + ds2(3) hence a proper
CKV for the metric (7) with conformal factor (note that ∂τ = A1∂t)
ψ(XB1) = c(C (t)),t . (28)
The metric ds2 is given in (7) and describes a family of Bianchi I metrics parameterized by
the function C(t).
When H1 is a HV from equation (25) we obtain (α3 = const.):
τˆ(lnA1),τˆ +α2 = α3 ⇔ A1 = c2τˆα3−α2 (29)
and
B1 = c1c2τˆα3−1 (30)
therefore we have that
τˆ =
(
α3
c1c2
)1/α3
τ1/α3 . (31)
Eventually we have the CKV:
XB1 = α2y∂y +α3τ∂τ + x∂x +α3z∂z (32)
for the Bianchi I metric:
ds2 =C2(τ)

dz2−dτ2 + c22
(
α3
c1c2
)2 (α3−α2)α3
τ
2 (α3−α2)α3 dy2 + c21c22
(
α3
c1c2
)2 (α3−1)α3
τ
2 (α3−1)α3 dx2


(33)
with conformal factor:
ψ(XB2) = α3 [1+ τ(ln |C|),τ ] . (34)
8 M. Tsamparlis, A. Paliathanasis, L. Karpathopoulos
4.2 Case B.II: R(2) = const
We consider the subcases: R(2) = 0, and R(2) 6= 0.
When R(2) = 0 from (15) we have that
Γ = b0τ¯ ⇔ B1 = b0τ¯A1. (35)
Equation (35) implies that the 3-metric (10) has the form (we ignore the unimportant inte-
gration constant b0):
ds21+2 = dy2 −dτ¯2 + τ¯2dx2. (36)
The CKVs of the flat 3-metric ds2 = −dt˜2 +dx˜2 +dy˜2 are known [24]. Using the transfor-
mation t˜ = τ¯ coshx, x˜ = τ¯ sinhx, y˜ = y we obtain the 3-metric (36) from which we obtain the
following conformal algebra (we ignore the KVs ∂x,∂y; i = 1,2,3,4; α = 1,2,3.):
- Four KVs
X1 = coshx∂τ¯ −
sinhx
τ¯
∂x
X2 = sinhx∂τ¯ −
coshx
τ¯
∂x
X3 = ysinhx∂τ¯ − y
coshx
τ¯
∂x + τ¯ sinhx∂y
X4 = ycoshx∂τ¯ − y
sinhx
τ¯
∂x + τ¯ coshx∂y
- one gradient HV
X7 = τ¯∂τ¯ + y∂y , ψ(X7) = 1 (37)
- three special CKVs
X8 = (y2 + τ¯2)coshx∂τ¯ +
τ¯2− y2
τ¯
sinhx∂x +2yτ¯ coshx∂y
X9 = (y2 + τ¯2) sinhx∂τ¯ +
τ¯2− y2
τ¯
coshx∂x +2yτ¯ sinhx∂y
X10 = 2τ¯y∂τ¯ +(y2 + τ¯2)∂y
with corresponding conformal factors:
ψ (X8) = 2τ¯ coshx , ψ (X9) = 2τ¯ sinhx , ψ (X10) = 2y (38)
These vectors are also CKVs for the metric (9) but with conformal factors:
ψ ′(XA) = XA(lnA1)+ψ(XA) (39)
where A = 1,2, ...,10. The possible vectors XA which give ψ ′(XA) = const. are the KVs and
the HV which do not contain terms of f (τ¯)g(x)∂τ¯ . The only such vector is the HV X7.
The case that X7 is a KV for the metric (9) gives B1 = const. and we ignore it. We set
ψ ′(XA) = α4 and we obtain, after standard calculations, that the vector X7 = α4τ∂τ +y∂y is
a HV for the 3-metric:
ds2 =−dτ2 +b21
(
α4
b1
)2 α4−1α4
τ
2 α4−1α4 dy2 +α24 τ2dx2 (40)
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with conformal factor α4. This vector is extended to a HV for the 1+3 metric ds21+3 =
dz2 +ds2(3) which is of the form:
XB3 = α4τ∂τ + y∂y +α4z∂z. (41)
The Bianchi I metric (40) and the CKV (41) are obtained from the metric (33) and the CKV
(32) if we set a1 = 0 and interchange the coordinates x,y. Therefore it is not a new case.
A detailed study of the subcase R(2) 6= 0 shows that there are no more new Bianchi I
metrics which admit CKVs. The calculations are rather standard and similar to the ones
above and are omitted.
We conclude that there are two families of metrics in B.II class parameterized by the
function C(τ). Each family admits one proper CKV and have as follows:
Metrics B1 with (α1 6= 0,1 , c 6= 0)
ds2 =C2(τ)
[
−dτ2 + e−
2
c τdx2 + e−
2α1
c τ dy2 +dz2
]
(42)
and corresponding CKV
XB1 = c∂τ + x∂x +α1y∂y (43)
ψ(XB1) = c(ln |C|),τ (44)
Metrics B2 with (α2 6= 0,1) and (α1 6= α2)
ds2 =C2(τ)
[
−dτ2 + τ2
α2−1
α2 dx2 + τ2
α2−α1
α2 dy2 +dz2
]
(45)
and corresponding CKV
XB2 = α2τ∂τ +α1y∂y + x∂x +α2z∂z (46)
with conformal factor
ψ(XB2) = α2 [1+ τ(ln |C|),τ ] . (47)
We observe that the CKV XB1 of the metric B1 becomes a HV when (ln |C|),τ = ψ0, i.e.
C (τ) = eψ0τ . In that case the metric (42) becomes (eψ0τ = t)
ds2 =−dt2 + t−
2
cψ0 dx2 + t−
2a1
cψ0 dy2 + t2dz (48)
where we substitute eψ0τ = t. Furthermore the metric B2 admits a HV when C (τ) = τψ0−1.
In that case the line element (45) becomes
ds2 =−dt2 + t2
α2−1
ψ0α2 dx2 + t2
α2−α1
ψ0α2 dy2 + t2
(ψ0−1)
ψ0 dz2 (49)
Therefore from the spacetimes (48) and (49) we have that the Bianchi I spacetimes (1)
which admit a proper HV are the spacetimes with power law coefficients. As it has been
noted in the introduction all vacuum Bianchi I spacetimes which admit a Homothetic vector
have been determined in [21].
In the following section we study the CKVs of some well known exact solutions of
Einstein field equations in a Bianchi I spacetime.
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5 Exact Bianchi I solutions and conformal symmetries
One can apply the results of the last section to determine if a given Bianchi I metric admits
or not CKVs and at the same time determine the exact form of the CKVs and their conformal
factors. The method of work is simple and consists of the following steps.
From the given Bianchi metric one computes the traceless projection tensor ∆ cdab =
gabgcd − 14 δ ca δ db and demands that ∆ cdab Xc;d = 0 where Xc is any of the CKVs defined in
(77), (78), (82), (83) (conformally flat case) and (43), (46) (non-conformally flat case). If
this condition cannot be satisfied for any values of the parameters of the metric then the
metric does not admit a CKV otherwise it does. It is possible that the conformal factors are
constants in which case the CKVs reduce to HVs.
Before one proceeds with the above it is convenient to compute the Weyl tensor and
examine if the space is conformally flat or not. If it is not there is no need to consider the
vectors (77), (78), (82), (83) whereas if it is there is no need to consider the vectors (43),
(46).
In the following section we apply the above method to various anisotropic Bianchi I
metrics which we have traced in the literature. We present the derivation of the results for
the Kasner type metrics in some detail whereas the for rest of the metrics we give only the
results of the calculations.
5.1 Kasner type metrics
The Kasner type metrics are defined by the line element:
ds2 =−dt2 + t2pdx2 + t2qdy2 + t2rdz2 (50)
where p,q,r are different constants (otherwise the metric reduces to an LRS metric (two
of the constants equal) or to a FRW metric (all constants equal). The well known Kasner
spacetime - which has been used extensively in the literature in the discussion of anisotropies
of the Universe - is a vacuum solution of Einstein’s field equations with the parameters p,q,r
restricted by the relations:
p+q+ r = 1 (51)
p2 +q2 + r2 = 1.
Kasner spacetime is vacuum so if conformally flat it is flat therefore we have a non-conformally
flat case. Condition ∆ cdab Xc;d = 0 for the vector fields (43),(46) yields in turn:
XB1 :
We find r = 1, c = 1,α1 = q−1p−1 , τdτ =
1
p−1 tdt (p 6= 1 otherwise we have an LRS spacetime)
from which follows that the Kasner type metric:
ds2 =−dt2 + t2pdx2 + t2qdy2 + t2dz2 (52)
admits the HV [1]:
XB1 =
1
1− p
t∂t +
q−1
p−1
y∂y + x∂x; ψ(XB1) =
1
1− p
(53)
XB2 :
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We find r 6= 1,α1 = q−1p−1 , α2 =
r−1
p−1 (p 6= 1) from which we conclude that the Kasner
type metric (50) with r 6= 1, p 6= 1 admits the HV:
XB2 =
r−1
p−1
τ∂τ + x∂x ++
q−1
p−1
y∂y +
q−1
p−1
z∂z; ψ(XB2) =
1
1− p
(54)
We emphasize that due to conditions (51) the Kasner spacetime admits only the HV XB2 .
These results agree with those of [21].
5.2 Bianchi I shear free spacetimes
This class contains many well known solutions of the field equations. The general form of
the spacetime metric is
ds2 =−dt2 +S2(t) f 2p(t)dx2 +S2(t) f 2q(t)dy2 +S2(t) f 2r(t)dz2 (55)
where the functions S(t), f (t) are general functions. The various known solutions of this
form are perfect fluid solutions with vanishing and non-vanishing cosmological constant Λ .
These solutions are:
a. Dust solution
Λ = 0 [22].
S3(t) = 9
2
Mt(t +Σ ); f (t) = t
2/3
S(t) ; p = 2sinα ,q = 2sin(α +
2pi
3 ),r = 2sin(α +
4pi
3 ) (56)
The constant α is the angle where the anisotropy is maximal (− pi2 < α < pi2 ) and Σ ,M are
constants with Σ > 0.
Λ 6= 0 [1]
S3(t) =
{
asinhωt + M2Λ (coshωt−1) for Λ > 0
asinωt + M2Λ (cosωt−1) for Λ < 0
}
(57)
f (t) =
{
coshωt−1
S3(t) for Λ > 0
1−cosωt
S3(t) for Λ < 0
}
. (58)
b. Perfect fluid solutions with an equation of state p = (γ −1)µ [3],[1]
S3(t) =


csinhωt for Λ > 0√
3(3+M)t for Λ = 0
csinωt for Λ < 0

 (59)
f (t) =


(
tanh ωtt
)b for Λ > 0
tb for Λ = 0(
tan ωtt
)b for Λ < 0

 (60)
where b =
( 3
3+M
)1/2
and c =
( 3+M
Λ
)1/2
.
For µ = 0 we take the vacuum solutions for Λ =,>,< 0. In [1] one can find the form of
the solutions for various values of γ .
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Table 1 Exact solutions of Bianchi I spacetimes which admit CKVs
Spacetime CKVs Conformal factor
Datta Solution ∄ ∄
Rosen Solution ∄ ∄
Kasner-type (53) / (54) constant
Shear free spacetimes
∄ for Λ > 0
(53) / (54)
∄ for Λ < 0
∄ for Λ > 0
constant
∄ for Λ < 0
Dust solution ∄ ∄
5.3 Einstein-Maxwell solutions
We have found two solutions describing cosmological models with an electromagnetic field
satisfying the Rainich conditions. These are:
Data solution [26]:
ds2 = A−1(−dt2 +A2dx2 +ABdy2 +ACdz2) (61)
where:
A = c1tµ + c2t−µ
AB = tλ and AC = t2−λ
and c1,c2,µ ,λ are constants with c1c2 6= 0.
Rosen solution [27]:
ds2 =−
b21(tan 12 t)
2(b2+b3)
sin4 t
dt2 + sin2 tdx2 +
(tan 12 t)
2b2
sin2 t
dy2 +
(tan 12 t)
2b3
sin2 t
dz2 (62)
where b1,b2,b3 are constants and b2b3 = 1.
Using the criterion ∆ cdab Xc;d = 0 for each of the above spacetimes, we find, after standard but
lengthy computations, the results of Table 1.
6 Discussion
In this work we studied the CKVs of proper (that is the LRS case is excluded) Bianchi I
spacetimes. We have shown that there are only four families of Bianchi type I spacetimes
which admit CKVs. Two of these families concern conformally flat spacetimes and two non-
conformally flat spacetimes. The non-conformally flat families, to the best of our knowledge,
are new.
One important aspect of these metrics is the symmetry inheritance of the CKVs by the
4-velocity ua = δ a0 of the comoving observers. This property is important because it assures
that Lie dragging along the CKVs, fluid flow lines transform onto fluid flow lines thus giving
rise to dynamical conservation laws [7,8,10,11,12,13].
The application of the general results of this work to the widely known Bianchi I metrics
(52) and (55) has shown that these spacetimes do not belong to the solutions we have found.
More specifically the Kasner type spacetimes (52) and (56) admit at most a HV while the
Bianchi type I dust solution (55) does not admit even a HV.
Exact solutions of Bianchi I spacetimes which admit Conformal Killing vectors 13
The families of Bianchi I metrics we have found contain many anisotropic matter so-
lutions which was not possible to be found before due to the complexity of the conformal
equations for Bianchi I spacetimes. It is hoped that these new solutions will have at least
equally interesting properties as the classical Bianchi I metrics and will make possible the
production of new results mainly at the kinematical level where CKVs play a significant
role.
A final remark concerns the Lie and the Noether point symmetries of differential equa-
tions. Indeed it has been shown that for a general class of second order partial differential
equations the Lie point symmetries are related to the conformal algebra of the underly-
ing geometry[29]. This class of equations contains among others the heat equation and the
Klein Gordon equation. Therefore one is possible to use the CKVs we have determined and
construct conservation laws or to solve explicitly this type of differential equations in the
corresponding Bianchi I spacetimes.
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A Proof of Proposition 2
In this appendix we give the direct and the inverse proof of Proposition 2.
Direct Proof: First recall the decomposition of the curvature tensor [1]:
Rabcd =Cabcd +
2
n−2
(
gc[aRb]d +gd[bRa]c
)
−
R
(n−1)(n−2)
gabcd (63)
where gabcd = gacgbd −gadgbc and the dimension of space is n> 4. Furthermore in a 1+(n−1) decomposable
space holds that [1]:
n
Rabcd = δ αa δ βb δ γc δ σd
n−1
R αβγσ ;
n
Rab = δ αa δ βb
n−1
R αβ ;
n
R =
n−1
R . (64)
We consider cases.
Case 1: n > 5
Assume the metric gab to be conformally flat; then Cabcd = 0. Replacing
n
Rabcd ,
n
Rab,
n
R in (63) and taking
into account that Cabcd = 0 we find
n−1
R αβγδ =
2
n−2
(
gγ[α
n−1
Rβ ]δ +gδ [β
n−1
Rα]γ
)
−
n−1
R
(n−1)(n−2)
gαβγδ . (65)
where gαβγσ is defined similarly to gabcd .
From (63) we conclude that
n−1
C αβγδ= 0 (because n−1 > 4) therefore the n−1 space is conformally
flat. Contracting with gαγ we get:
n−1
R αβ =
n−1
R
n−1
gαβ (66)
and the (n− 1) space is also an Einstein space. We conclude that the n− 1 space is a space of constant
curvature [31].
In order to compute the constant p we insert (66) back to (63) and find:
n−1
R αβγσ =
n−1
R
(n−1)(n−2)
gαβγσ (67)
The n space being conformally flat admits CKVs. According to proposition 1 these vectors are found
from the gradient CKVs of the (n−1) space of the form (4). Ricci identity for the CKV ψ,µ gives:
ψ|µνσ −ψ|µσν =
n−1
R σνµδ ψ ,δ . (68)
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Using (67) and (4) in equation (68) we obtain:
 n−1R
(n−1)(n−2)
+ p

gαβγδ ψ ,δ = 0. (69)
from which follows:
n−1
R =−p(n−1)(n−2) (70)
and
p =−
n−1
R
(n−1)(n−2)
.
Case 2: n = 4
In this case relation (63) still applies and (65) becomes:
3
Rαβγδ =
(
gγ[α
3
Rβ ]δ +gδ [β
3
Rα]γ
)
−
3
R
6 gαβγδ (71)
where now the Greek indices take the values 1,2,3. Contracting with gαγ we find
3
Rβδ =
3
R
3
gβδ (72)
which implies that the 3d space is an Einstein space. Although the 3d - space is an Einstein space of curvature
3
R = const. we cannot conclude that it is a space of constant curvature before we prove that it is conformally
flat. The condition for this is that the Cotton - York tensor
Cαβ = 2ε
αγδ
(
3
Rβγ −
1
4
gβγ
3
R
)
;δ
vanishes [31]. Replacing
3
Rβδ from (72) we find
Cαβ =
1
6 ε
αγδ gβγ
3
R;δ . (73)
We replace
3
Rβδ from (72) in (71) and find
3
Rαβγδ =
(
gγ[α
3
Rβ ]δ +gδ [β
3
Rα]γ
)
−
3
R
6 gαβγδ =
3
R
6 gαβγδ . (74)
Ricci identity for the gradient CKV ψ,µ gives:
ψ|µνσ −ψ|µσν =
3
Rσνµδ ψ ,δ =−
3
R
6 gµνσδ ψ
,δ (75)
Using (67) and (4) in equation (68) we obtain:
 3R
6 + p

gαβγσ ψ ,δ = 0 (76)
from which follows
3
R;δ = 0 hence Cαβ = 0, which completes the proof.
Case 3: n = 3
In this case the space 3−1 = 2 is conformally flat and admits gradient CKVs hence the curvature scalar
is a constant and the space is a space of constant curvature.
Inverse Proof: Suppose the (n− 1) space of the 1+(n− 1) space (2) is a space of constant curvature.
Then it is conformally flat and by (63),(64) and (66) the 1+(n−1) space is conformally flat.
This completes the proof of proposition 2
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B The conformal algebra of RT and ART spacetimes
The eight proper CKVs of the RT spacetime are
X(k)µ = a2Ak,µ , X(k)z =−a2Ak,z (77)
X(k+4)µ = a2Bk,µ , X(k+4)z =−a2Bk,z (78)
where µ = t,x,y and the corresponding conformal factors are
ψXk = Ak , ψXk+4 = Bk (79)
where the fields Ak,Bk are given by the expressions
Ak = cos(
τ
a
)
{
cosh( y
a
)
[
sin( z
a
),cos(
z
a
)
]
,sinh( y
a
)
[
sin( z
a
),cos(
z
a
)
]}
(80)
Bk = sin(
τ
a
)
{
cosh( x
a
)
[
sin( z
a
),cos(
z
a
)
]
,sinh( x
a
)
[
sin( z
a
),cos(
z
a
)
]}
. (81)
The eight proper CKVs of the ART spacetime are
Y(k)µ =−a2 ¯Ak,µ , Y(k)z = a2 ¯Ak,z (82)
Y(k+4)µ =−a2 ¯Bk,µ , Y(k+4)z = a2 ¯Bk,z (83)
where µ = t,x,y and the corresponding conformal factors are
ψYk = Ak , ψYk+4 = Bk (84)
where the fields ¯Ak, ¯Bk are
¯Ak = cosh(
τ
a
)
{
cos(
y
a
)
[
sinh( z
a
),cosh( z
a
)
]
,sin( y
a
)
[
sinh( z
a
),cosh( z
a
)
]}
(85)
¯Bk = sinh(
τ
a
)
{
cos(
x
a
)
[
sinh( z
a
),cosh( z
a
)
]
,sin( x
a
)
[
sinh( z
a
),cosh( z
a
)
]}
. (86)
For easy reference in tables 2 and 3 we give the explicit form of the CKVs for the RT spacetime and the ART
spacetime respectively.
Furthermore, the RT spacetime (19) admits a seven dimensional Killing algebra, the three vector fields
are the KVs
{
∂x,∂y,∂z
}
and the four extra KVs are
ξ4,RT = sinh( y
a
)cosh( x
a
)∂τ − cot(
τ
a
)sinh( y
a
)cosh( x
a
)∂x + tan(
τ
a
)sinh( y
a
)cosh( x
a
)∂y
ξ5,RT = sinh( y
a
)sinh( x
a
)∂τ − cot(
τ
a
)sinh( y
a
)sinh( x
a
)∂x + tan(
τ
a
)sinh( y
a
)sinh( x
a
)∂y
ξ6,RT = cosh( y
a
)cosh( x
a
)∂τ − cot(
τ
a
)cosh( y
a
)cosh( x
a
)∂x + tan(
τ
a
)cosh( y
a
)cosh( x
a
)∂y
ξ7,RT = cosh( y
a
)sinh( x
a
)∂τ − cot(
τ
a
)cosh( y
a
)sinh( x
a
)∂x + tan(
τ
a
)cosh( y
a
)sinh( x
a
)∂y
Similarly for the ART spacetime (20), the four extra KVs are
ξ4,ART = sin( y
a
)cosh( x
a
)∂τ − coth(
τ
a
)sin( y
a
)sinh( x
a
)∂x + tanh(
τ
a
)cos(
y
a
)cosh( x
a
)∂y
ξ5,ART = sin( y
a
)sinh( x
a
)∂τ − coth(
τ
a
)sin( y
a
)cosh( x
a
)∂x + tanh(
τ
a
)cos(
y
a
)sinh( x
a
)∂y
ξ6,ART = cos( y
a
)cosh( x
a
)∂τ − coth(
τ
a
)cos(
y
a
)sinh( x
a
)∂x − tanh(
τ
a
)sin( y
a
)cosh( x
a
)∂y
ξ7,ART = cos( y
a
)sinh( x
a
)∂τ − coth(
τ
a
)cos(
y
a
)cosh( x
a
)∂x− tanh(
τ
a
)sin( y
a
)sinh( x
a
)∂y
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Table 2 Proper CKVs of the RT spacetime (19)
X Xτ Xx Xy Xz Conformal factor ψ
X1 asin
(
τ
a
)
cosh
( y
a
)
sin
(
z
a
)
0 a sinh(
y
a )sin(
z
a )
cos( τa )
−acos
(
τ
a
)
cosh
( y
a
)
cos
(
z
a
)
cos
(
τ
a
)
cosh
( y
a
)
sin
(
z
a
)
X2 asin
(
τ
a
)
cosh
( y
a
)
cos
(
z
a
)
0 a sinh(
y
a )cos(
z
a )
cos( τa )
acos
(
τ
a
)
cosh
( y
a
)
sin
(
z
a
)
cos
(
τ
a
)
cosh
( y
a
)
cos
(
z
a
)
X3 asin
(
τ
a
)
sinh
( y
a
)
sin
(
z
a
)
0 acosh(
y
a )sin(
z
a )
cos( τa )
−acos
(
τ
a
)
sinh
( y
a
)
cos
(
z
a
)
cos
(
τ
a
)
sinh
( y
a
)
sin
(
z
a
)
X4 asin
(
τ
a
)
sinh
( y
a
)
cos
(
z
a
)
0 acosh(
y
a )cos(
z
a )
cos( τa )
acos
(
τ
a
)
sinh
( y
a
)
sin
(
z
a
)
cos
(
τ
a
)
sinh
( y
a
)
cos
(
z
a
)
X5 −acos
(
τ
a
)
cosh
(
x
a
)
sin
(
z
a
) a sinh( xa ) sin( za )
sin( τa )
0 −asin
(
τ
a
)
cosh
(
x
a
)
cos
(
z
a
)
sin
(
τ
a
)
cosh
(
x
a
)
sin
(
z
a
)
X6 −acos
(
τ
a
)
cosh
(
x
a
)
cos
(
z
a
) a sinh( xa )cos( za )
sin( τa )
0 asin
(
τ
a
)
cosh
(
x
a
)
sin
(
z
a
)
sin
(
τ
a
)
cosh
(
x
a
)
cos
(
z
a
)
X7 −acos
(
τ
a
)
sinh
(
x
a
)
sin
(
z
a
) acosh( xa ) sin( za )
sin( τa )
0 −asin
(
τ
a
)
sinh
(
x
a
)
cos
(
z
a
)
sin
(
τ
a
)
sinh
(
x
a
)
sin
(
z
a
)
X8 −acos
(
τ
a
)
sinh
(
x
a
)
cos
(
z
a
) acosh( xa )cos( za )
sin( τa )
0 asin
(
τ
a
)
sinh
(
x
a
)
sin
(
z
a
)
sin
(
τ
a
)
sinh
(
x
a
)
cos
(
z
a
)
Table 3 The proper CKVs of the ART spacetime (20)
X Xτ Xx Xy Xz Conformal factor ψ
X1 asinh
(
τ
a
)
cos
( y
a
)
sinh
(
z
a
)
0 a sin(
y
a )sinh(
z
a )
cosh( τα )
acosh
(
τ
a
)
cos
( y
a
)
cosh
(
z
a
)
cosh
(
τ
a
)
cos
( y
a
)
sinh
(
z
a
)
X2 asinh
(
τ
a
)
cos
( y
a
)
cosh
(
z
a
)
0 a sin(
y
a )cosh(
z
a )
cosh( τα )
acosh
(
τ
a
)
cos
( y
a
)
sinh
(
z
a
)
cosh
(
τ
a
)
cos
( y
a
)
cosh
(
z
a
)
X3 asinh
(
τ
a
)
sin
( y
a
)
sinh
(
z
a
)
0 − acos(
y
a )sinh(
z
a )
cosh( τα )
acosh
(
τ
a
)
sin
( y
a
)
cosh
(
z
a
)
cosh
(
τ
a
)
sin
( y
a
)
sinh
(
z
a
)
X4 asinh
(
τ
a
)
sin
( y
a
)
cosh
(
z
a
)
0 − acos(
y
a )cosh(
z
a )
cosh( τα )
acosh
(
τ
a
)
sin
( y
a
)
sinh
(
z
a
)
cosh
(
τ
a
)
sin
( y
a
)
cosh
(
z
a
)
X5 acosh
(
τ
a
)
cos
(
x
a
)
sinh
(
z
a
) a sin( xa )sinh( za )
sinh( τa )
0 asinh
(
τ
a
)
cos
(
x
a
)
cosh
(
z
α
)
sinh
(
τ
a
)
cos
(
x
a
)
sinh
(
z
a
)
X6 acosh
(
τ
a
)
cos
(
x
a
)
cosh
(
z
a
) a sin( xa )cosh( za )
sinh( τa )
0 asinh
(
τ
a
)
cos
(
x
a
)
sinh
(
z
α
)
sinh
(
τ
a
)
cos
(
x
a
)
cosh
(
z
a
)
X7 acosh
(
τ
a
)
sin
(
x
a
)
sinh
(
z
a
)
−
acos( xa )sinh(
z
a )
sinh( τa )
0 asinh
(
τ
a
)
sin
(
x
a
)
cosh
(
z
α
)
sinh
(
τ
a
)
sin
(
x
a
)
sinh
(
z
a
)
X8 acosh
(
τ
a
)
sin
(
x
a
)
cosh
(
z
a
)
−
acos( xa )cosh(
z
a )
sinh( τa )
0 asinh
(
τ
a
)
sin
(
x
a
)
sinh
(
z
α
)
sinh
(
τ
a
)
sin
(
x
a
)
cosh
(
z
a
)
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